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Abstract
In this paper we describe the invariant forms of toral K-graded Lie superalgebras and, in
particular, of the elementary unitary Lie superalgebra over a superring K containing 12 .
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0. Introduction
Symmetric invariant bilinear forms play an important role in the theory of Lie alge-
bras and superalgebras. They are instrumental in describing central extensions of Lie
algebras and superalgebras. They have been studied by many for varied types of Lie
algebras (for example, see [1,3,6,7,11]).
We will provide a precise description of the invariant forms on certain orthosymplec-
tic Lie superalgebras over unital associative supercommutative superrings containing 12 .
Examples of these include:
• Lie superalgebras over supercommutative unital associative superrings containing 16
and graded by (not necessarily =nite) root systems of types BI , CI and DI , for an
arbitrary set I with |I |¿ 3; 4; 4, respectively (see [9]).
• The cores of extended a>ne Lie algebras of types Br , Cr and Dr , r¿ 3; 4; 4,
respectively (see [2]).
• Lie algebras over =elds of characteristic zero which are graded by (=nite) root
systems of type BCr with the grading subalgebra of type Br , Cr or Dr , r¿ 3; 4; 4,
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respectively (see [1]; note that Lie superalgebras graded by (nonreduced) root sys-
tems of type BCr over unital associative supercommutative superrings are not yet
classi=ed but the Lie superalgebras studied in this paper will certainly provide exam-
ples). Their invariant forms have also been described by Allison et al. [1]; however,
our work shows that their description can be simpli=ed.
• Classical Lie superalgebras of types B(m; n); m¿ 0; n¿ 0, C(n); n¿ 3 and D(m; n);
m¿ 2; n¿ 0 (see [4,5,9]).
Throughout this paper we make the following convention: any time we talk about a
Z2-graded structure Z = Z D0 ⊕ Z D1 we will call an element z ∈Z homogeneous if z ∈Z
for some ∈Z2 and we will say that z is of degree , denoted by |z|= ; in this case
we will assume throughout that when |z| occurs in an expression, it is assumed that
z is homogeneous, and that the expression extends to the other elements by linear-
ity. In addition K will (unless noted otherwise) denote a unital, associative superring
containing 12 and K
× will denote the invertible elements in K . For fundamentals of
superalgebras and Lie superalgebras in particular, we refer the reader to [10,12,13].
Denition 0.1. We say that a Lie superalgebra L is toral graded if
(TG1) L =
⊕
∈K L and there exists h0 ∈L0 ∩ L D0 such that for each ∈K , L =
{x∈L | [h0; x] = x},
(TG2) L0 =
∑
∈K\{0} [L; L−],
(TG3) If supp(L) = {∈K |L = (0)} then supp(L) ⊂ K× ∪ {0} and (supp(L) +
supp(L)) \ {0} contains no zero divisors.
Note that (TG1) implies that L is graded by K and h0 ∈L D0 implies that L; ∈K
are Z2-graded submodules of L and supp(L) ⊂ K D0 (h0 ∈L D0 ⇒ L = [h0; L] ⊂
L; ∈K; ∈Z2 ⇒ ∈K D0). We will call h0 a toral element; it is unique up to
a central element in L0 ∩ L D0. Since h0 ∈L0, supp(L) = ∅.
Examples of toral-graded Lie superalgebras are all Lie superalgebras L over uni-
tal associative commutative superrings containing 16 graded by (not necessarily =-
nite) root systems of types BI ; CI and DI (|I |¿ 3; 4, respectively). In particular,
these Lie superalgebras are toral 3-graded (i.e., L is Z-graded where Li = (0) for
i ∈ {0;±1}; see [9]). In addition, all Lie algebras L over =elds of characteristic zero
graded by =nite root systems of type BCr with grading subalgebras of types Br ; Cr
and Dr are toral 5-graded (i.e., L is Z-graded with Li = (0) for i ∈ {0;±1;±2};
see [1,6]).
In Proposition 1.1, we state the fact (well known for Lie algebras) that the invariant
forms of a Lie superalgebra L are isomorphic to the invariant forms of L modulo its
centre. In Theorem 1.3, we describe the supersymmetric invariant forms of a toral
graded Lie superalgebra over a unital associative supercommutative superring in terms
of K-linear maps from L0 to K of degree D0 which satisfy certain conditions. This is
done by “shifting” the forms from L× L to L0 × L0 using the toral element. This is a
di,erent approach from the one taken in [1,6] as in these papers the authors described
the invariant forms of BCr-graded Lie algebras with the grading algebra of type Br ; Cr
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or Dr by shifting the forms to the K-modules Lg×L−g; g∈ supp(L)\{0} (here K is a
=eld of characteristic zero). Our approach proves to be more advantageous in the case
of r¿ 3; 4; 4, respectively.
We then let a be a unital associative superalgebra over K with a superinvolution
-. For ∈{±1} and an a-supermodule M with a -hermitian form , that is,  is
biadditive and (∈ a; m; n∈M)
(m; n) = (m; n); (m; n) = (m; n);
and
(m; n) = (−1)|m‖n| (n; m);
we de=ne K-endomorphisms Em;n of M for all m; n∈M by setting, for all p∈M,
Em;n(p) =m(n; p)− (−1)|m‖n|n(m;p). The Z-span of Em;n (m; n∈M), denoted by
eu(), is called the elementary unitary Lie superalgebra of  and it forms an ideal of
the unitary Lie superalgebra
u() = {x∈EndaM | (x(m); n) + (−1)|m‖x|(m; x(n)) = 0; m; n∈M}:
That they are indeed Lie superalgebras follows from Proposition 2.2.
It can be shown that every Lie superalgebra over K graded by a root system of type
BI ; CI or DI (I an arbitrary set, |I |¿ 3; 4; 4, respectively) is centrally isogenous
to eu() for some a and some  [1,9]. In addition, every Lie algebra over a =eld
of characteristic zero graded by a =nite root system BCr with a grading subalgebra
Br ; Cr or Dr (r¿ 3; 4; 4, respectively) is centrally isogenous to eu() for some a
and some . In particular, the  that appear in these descriptions satisfy the conditions
of Theorem 3.1 which, together with Theorem 3.1, implies that the invariant forms of
eu(), where  satis=es certain conditions, are isomorphic to K-linear maps ’ from
the symmetric elements of a to K of degree D0 which satisfy
’( + ) = (−1)|‖|’(+ ) (; ∈ a):
1. Invariant forms of toral graded Lie superalgebras
Let L be a Lie superalgebra over K . We say that a K-bilinear map (· | ·) :L×L → K
of degree D0 is (L-)invariant if and only if ([x; y] | z) = (x | [y; z]) for all x; y; z ∈L. It
is supersymmetric if (x |y)= (−1)|x‖y|(y | x) for all x; y∈L. Denote the K D0-module of
K-valued invariant supersymmetric bilinear forms (· | ·) :L×L → K by Inv(L;K). Note
that, by invariance, every form (· | ·)∈ Inv(L;K) is homogeneous of degree D0.
First, we consider the relation between supersymmetric invariant forms of a Lie
superalgebra L and its central extensions L˜. Recall that L˜ is a central extension of a
perfect Lie superalgebra L if there exists a short exact sequence 0→ C → L˜ →L → 0
with C ⊂ Z(L˜). We have the following result which is well known in case of Lie
algebras (for example, see [7, Remark (a), p. 315]).
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Proposition 1.1. Let L be a Lie superalgebra over K and let  : L˜ → L be a covering,
i.e., L˜ is perfect and  : L˜ → L is a central extension. Then
(a) Every (· | ·)L ∈ Inv(L;K) gives rise to an invariant bilinear form (· | ·)L˜ on L˜ via
(x |y)L˜ = ((x) | (y))L; x; y∈ L˜: (1.1)
(b) (Z(L˜) | L˜)L˜=(0) for any (· | ·)L˜ ∈ Inv(L˜;K) and hence every (· | ·)L˜ ∈ Inv(L˜;K) gives
rise to an invariant bilinear form (· | ·)L on L via (1.1).
(c) The maps described in (a) and (b) are inverses of each other, thus
Inv(L;K) ∼= Inv(L˜;K)
(isomorphism of K D0-modules).
We wish to describe invariant supersymmetric forms on toral graded Lie superalge-
bras over K (see De=nition 0.1). The following Lemma is easy to prove.
Lemma 1.2. Let L be a toral graded Lie superalgebra. If (·|·) is a supersymmetric
invariant form on L then
(L |L) = (0) (; ∈ supp(L);  +  = 0): (1.2)
Theorem 1.3. Let L be a toral graded Lie superalgebra over K . We let ]Inv(L0;K) be
the set of all K-valued supersymmetric invariant bilinear forms (· | ·) on L0 satisfying
(; ; ; ∈ supp(L) \ {0};  +  + = 0; x ∈L)
([[x0; x]; x−] | h0) = (x0 | [x; x−]) (1.3)
and
([x; [y; z]] | h0) =−−1([[x; y]; z] | h0): (1.4)
Then the map
Inv(L;K)
 → ]Inv(L0;K);
(· | ·) → (· | ·)|L0×L0
is a K D0-module isomorphism. Moreover, if we let ]HomK (L0; K) be the set of all
K-supermodule homomorphisms ’ from L0 to K of degree D0 satisfying
’([L0; L0]) = 0 (1.5)
and
(’ ◦ adx ◦ ady)|L =−−1(’ ◦ ad[x; y])|L (1.6)
for all ; ; ∈ supp(L) \ {0};  +  + = 0 and x ∈L; y ∈L, then the map
]Inv(L0;K)
!→ ]HomK (L0; K);
(· | ·) → !(· | ·);
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where !(· | ·)(x0)= (h0 | x0) for all (· | ·)∈ ]Inv(L0;K) and x0 ∈L0, is an isomorphism of
K D0-modules. Hence, the map
Inv(L;K)
!◦ → ]HomK (L0; K);
(· | ·) → ’(· | ·); (1.7)
where ’(· | ·)(x0) = (h0 | x0) for all (· | ·)∈ Inv(L;K) and x0 ∈L0, is an isomorphism
of K D0-modules. In addition, a form (· | ·)∈ Inv(L;K) is nondegenerate if and only if
(· | ·)|L0×L0 is nondegenerate and ker(’(· | ·) ◦ adL) | L− = (0); ∈ supp(L) \ {0}.
Proof. Let (· | ·)∈ Inv(L;K). Then clearly (· | ·)|L0×L0 ∈ Inv(L0;K) and, by invariance
of (· | ·),  ((· | ·)) satis=es (1.3) and (1.4). Hence,  is well de=ned and clearly
a K D0-module homomorphism. It is easy to show that  is a monomorphism. Let
(· | ·)0 ∈ ]Inv(L0;K). Note that
([L0; L0] | h0)0 = (L0 | [L0; h0])0 = (0): (1.8)
De=ne (· | ·) :L× L → K by setting
(x0 |y0) = (x0 |y0)0 (x0; y0 ∈L0);
(x | x−) = −1(h0 | [x; x−])0 (∈ supp(L) \ {0});
(L |L) = (0) (; ∈ supp(L);  = −):
Then (· | ·) is supersymmetric and it is invariant on L0 × L0 by de=nition. Hence, to
show that it is invariant on L × L, using bilinearity and the fact that ([L; L] |L) −
(L | [L; L]) = (0) for all  +  +  = 0, it su>ces to show that ([x; y] | z) =
(x | [y; z]) for all ++ =0; (; ; ) = (0; 0; 0). In addition, proving the case for
(; ; ) implies the case for (; ; ) by using supersymmetry. Hence, the combinations
we need to check are (; 0;−); (0; ;−) and (; ; ) for ; ; ; ∈ supp(L) \ {0};
++ =0. We prove the (; 0;−); ∈ supp(L) \ {0} case as an example and leave
the easy proof of the other cases to the reader.
([x; y0] | z−) = −1([[x; y0]; z−] | h0)0
= −1([x; [y0; z−]] | h0)0 − (−1)|x‖y0|−1([y0; [x; z−]] | h0)0
(1:8)
= (x | [y0; z−]):
Hence (· | ·) is invariant and so (· | ·)∈ Inv(L;K). Clearly,  ((· | ·)) = (· | ·)0 and so  
is an epimorphism, hence an isomorphism, of K D0-modules.
To prove that ! is an isomorphism, let (· | ·)∈ ]Inv(L0;K) and de=ne the map ’ :L0 →
K by setting ’(x0)=(h0 | x0). Then using the bilinearity of (· | ·) and the fact that (· | ·)
and h0 are homogeneous of degree D0, we have that ’∈HomK (L0; K) D0. Also, since
([L0; L0] | h0) = (0), ’([L0; L0]) = (0) and
’(([x; [y; z]]) = ([x; [y; z]] | h0)(1:4)= − ([[x; y]; z] | h0)
=−’([[x; y]; z])
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for all ; ; ∈ supp(L)\{0}; ++=0), and so we have that !(· | ·)∈ ]HomK (L0; K) D0.
Using (1.3) and the fact that L0 =
∑
∈supp(L)\{0} [L; L−], it is easy to show that the
map ! is a monomorphism. For ’∈ ]HomK (L0; K) D0 we can de=ne the map (· | ·) :L0×
L0 → K by setting
(x0 | [y; y−]) = −1’([[x0; y]; y−]) (∈ supp(L) \ {0}):
Then clearly (· | ·) is K-bilinear and of degree D0. By repeatedly using the Jacobi identity
and (1.5) and (1.6) one can show that, for all ; ∈ supp(L) \ {0},
’([[[x; x−]; y]; y−]) = (−1)|[x;x−]‖[y;y−]|−1’([[[y; y−]; x]; x−]):
It now follows that (· | ·) is well de=ned and supersymmetric. The invariance follows
from the Jacobi identity and (1.5) and so (· | ·)∈ Inv(L;K). Moreover, by a simple
manipulation, using the de=nition of (· | ·) and (1.6), one can show that (· | ·) satis=es
(1.3) and (1.4) and so (· | ·)∈ ]Inv(L0;K). Since clearly !((· | ·)) = ’, the map ! is
an epimorphism, hence isomorphism, of K D0-modules. It is now clear that map (1.7) is
an isomorphism of K D0-modules. Now suppose (· | ·)∈ Inv(L;K) is nondegenerate. Then
by Lemma 1.2 the form (· | ·)|L0×L0 is nondegenerate. Moreover, if x ∈ ker(’(· | ·) ◦
adL−)|L for some ∈ supp(L) \ {0} then for all y =
∑
∈supp(L) y ∈L,
x
∣∣∣∣∣∣
∑
∈supp(L)
y

= (x |y−) = −1(h0 | [x; y−]) = ’(· | ·)([x; y−]) = 0
and so since (· | ·) is nondegenerate, x = 0. Conversely, if we assume that the form
(· | ·)|L0×L0 on L0 is nondegenerate and that ker(’(· | ·)◦adL−)|L=0 for all ∈ supp(L)\
{0}, then for all x=∑∈supp(L) x ∈L satisfying (x |y)=0 for all y=∑∈supp(L) y ∈L,
0 =

 ∑
∈supp(L)
x
∣∣∣∣∣∣
∑
∈supp(L)
y

= ∑
∈supp(L)
(x |y−)
=
∑
∈supp(L)\{0}
−1(h0 | [x; y−]) + (x0 |y0)
=
∑
∈supp(L)\{0}
’(· | ·)([x; y−]) + (x0 |y0):
Hence x0 = 0 and, since supp(L) \ {0} contains no zero divisors of K , x = 0 for all
∈ supp(L) \ {0} and so x = 0, i.e., (· | ·) is nondegenerate.
2. The elementary unitary Lie superalgebra
Let a= A⊕ B be an associative, unital superalgebra over K with a superinvolution
- : a→ a :  → D (i.e., the map - is an antiautomorphism of degree D0; =(−1)|‖| D D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and DD =  for ; ∈ a) where A are the symmetric and B are the skew-symmetric
elements of a. Note that, since a is associative, it gives rise to a Lie superalgebra a(−)
over K :
[; ] =  − (−1)|‖| (; ∈ a):
Throughout this paper we will use two di,erent notations to denote the symmetric and
skew elements of a: for  = a + b∈ a with a∈A and b∈B we denote a by A or,
alternatively, by 1, and we denote b by B or by −1, depending on the context. Let
∈{±1}. Assume that K does not have characteristic 3 if a− = (0). Let M be an
(associative) a-supermodule (i.e., M=M D0 ⊕M D1 with m= (−1)|m‖|m D for all ∈ a
and m∈M. Let  :M ×M → a be an (a-valued) -hermitian form on M, that is, 
is biadditive and
(m; n) = (m; n); (m; n) = (m; n);
and
(m; n) = (−1)|m‖n| (n; m)
for all ∈ a; m; n∈M. Recall that we de=ned the elementary unitary Lie superalgebra
eu()= spanZ{Em;n |m; n∈M} where Em;n(p)=m(n; p)−(−1)|m‖n|n(m;p) for all
p∈M.
An important example of an elementary unitary Lie superalgebra is eu(I ) where I is
an arbitrary (possibly in=nite) set and I is a -hermitian form on a free a-supermodule
H (I ; ) =
⊕
i∈I (ahi ⊕ ah−i) where the basis elements hi; h−i (i∈ I) are homogeneous
of degree D0 and I is de=ned as follows:
(hi; h−j) = 'ij = (h−j; hi) and (hi; hj) = (h−i ; h−j) = 0 (i; j∈ I):
Given two a-supermodules N and P with -hermitian forms N and P, respec-
tively, we de=ne their orthogonal sum to be the a-supermodule M=N⊕P with the
-hermitian form  = N ⊕ P by setting
(n⊕ p; n′ ⊕ p′) = N(n; n′) + P(p;p′) (n; n′ ∈N; p; p′ ∈P):
Note that, for an index set I , H (I ; ) is an orthogonal sum of the a-supermodules
H ({i}; ); i∈ I .
Proofs of the following basic properties of elements of eu() are straightforward and
will be omitted. We let d = 12(1− ) (i.e., d = 0 if = 1 and d = 1 if =−1)
Lemma 2.1. Let M be an a-supermodule with an a-hermitian form .
(i) for all m; n∈M, Em;n ∈ u(),
(ii) for all m; n∈M,
Em;n = Em;n (∈ a); Eam;n = aEm;n (a∈A);
Em;m = 0 (m∈Md); Em;n =−(−1)|m‖n|En;m:
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Proposition 2.2. Let M be an a-supermodule with a -hermitian form . Then
(i) u() is a subalgebra of the Lie superalgebra (EndaM)(−);
(ii) for all m; n∈M; and x∈ u(),
[x;Em;n] = Ex(m); n + (−1)|x‖m|Em;x(n) (2.1)
and hence
(iii) eu() is an ideal of u().
Proof. We will only show that u() contains the homogeneous parts of its elements.
The proof of the rest of the assertions will be left to the reader. Let x= x D0⊕ x D1 ∈ u().
Then we have, for m; n∈M,
0 = (x(m); n) + (−1)|m‖x|(m; x(n))
= (x D0(m); n) + (−1)|m‖x|(m; x D0(n))︸ ︷︷ ︸
∈a|m|+|n|
+ (x D1(m); n) + (−1)|m‖x|(m; x D1(n))︸ ︷︷ ︸
∈a|m|+|n|+ D1
:
Hence (x(m); n)+ (−1)|m‖x|(m; x(n))=0 for all m; n∈M; ∈Z2 and so x ∈ u()
for all ∈Z2.
Let A× denote the homogeneous invertible elements of A (hence A× ⊂ A D0).
Given a free a-supermodule M =
⊕
i∈I ami with a -hermitian form  and a ho-
mogeneous basis {mi | i∈ I}, we say that  is almost diagonalizable (with respect to
{mi | i∈ I}) if for each i∈ I there exists i∈ I such that (mi; mi)∈ a× and (mi; mj)=0
for all j∈ I; j = i. If  is almost diagonalizable then for each i∈ I , i is unique, i = i
and |mi| = |mi|. In addition, if  is almost diagonalizable with respect to {mi | i∈ I}
where i = i then we say that  is invertibly diagonalizable. Note that if  is in-
vertibly diagonalizable with respect to {mi | i∈ I} then mi ∈Md for all i∈ I . If  is
almost diagonalizable with respect to {mi ∈M(−)d | i∈ I} where (mi; mi)∈{±1} for
all i∈ I then we say that  is standard alternating. For example, given an arbitrary
set I , the a-supermodule H (I ; 1) is invertibly diagonizable with respect to the basis
{hi+h−i ; hi−h−i | i∈ I} and H (I ;−1) is standard alternating with respect to the same
basis.
Remark 2.3. It can be shown that every almost diagonalizable form is an orthogonal
sum of an invertibly diagonalizable form and a standard alternating form, possibly with
respect to a di,erent basis.
We will consider the following type of a-supermodule.
Denition 2.4. Suppose M =N ⊕ P where P is an arbitrary a-supermodule with
a -hermitian form P and N=
⊕
i∈I ani is a free a-supermodule with a -hermitian
form N which is the orthogonal sum of an invertibly diagonalizable and a standard
alternating hermitian forms with respect to the basis {ni | i∈ I}. Assume that
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{ni | i∈ I}(−)d = ∅ or |{ni | i∈ I}d |¿ 3. Set = N⊕ P. We will call such a super-
module M a PiN 1 module
The following result will be instrumental in the next section. Recall that we use two
di,erent notations to denote the symmetric and skew elements of a: for  = a+ b∈ a
with a∈A and b∈B we denote a by A or, alternatively, by 1, and we denote b by
B or by −1, depending on the context.
Proposition 2.5. SupposeM=N⊕P is a PiN module. Then for each (m; n)∈ (P;P)∪
{(p; ni) |p∈P; i∈ I} ∪ {(ni; nj) | ∈ a; i; j∈ I} there exists k ∈ I such that
Em;n ∈ [eu(); eu()] + E(nk ;nk )−1(m;n)Bnk ;nk : (2.2)
In particular, eu() = [eu(); eu()] + EBN;N.
Remark 2.6. Note that Em;n for (m; n)∈ (P;P)∪{(p; ni) |p∈P; i∈ I}∪ {(ni; nj) | 
∈ a; i; j∈ I} form a spanning set of eu().
Proof of Proposition 2.5. Suppose {ni | i∈ I}(−)d = ∅. Let i∈ I such that ni ∈N(−)d .
Then Enj ;nj=
1
2(ni; ni)
−1[Enj ;ni ;Eni ;nj ] (∈ a; j∈{i; i}) and Eani ;ni=14(ni; ni)−1[Eani ;ni ;
Eni ; ni] (a∈A). In addition, for all m; n∈ (N \ (ani ⊕ ani)) ⊕P, Em;nj = (nj; nj)−1
[Em;nj ;Enj ;nj ] (j∈{i; i}) and
Em;n = (ni; ni)−1

[Em;ni ;Eni; n ]− E(m;n)Ani ;ni︸ ︷︷ ︸
∈[eu();eu()]
+ E(m;n)Bni ;ni

 :
Hence (2.2) holds if {ni | i∈ I}(−)d = ∅. Suppose {ni | i∈ I}(−)d =∅ and |{ni | i∈ I}d |
¿ 3. Then for all ∈ a and i; j∈ I we can pick k ∈ I such that k = i; j and we can
write Eni ;nj = (nk ; nk)
−1[Eni ;nkEnk ;nj ] + (nk ; nk)
−1E(ni ;nj)Bnk ;nk . In addition, for all
p; r ∈P and i∈ I we can pick j∈ I; j = i and obtain Ep;ni=(nj; nj)−1[Ep;nj ;Enj ;ni ] and
Ep;r=(ni; ni)−1[Ep;ni ;Eni ;r]+(ni; ni)
−1E(p;r)Bni ;ni . So (2.2) holds if |{ni | i∈ I}d |¿ 3.
By Remark 2.6, the last assertion follows.
In the following section we will study the invariant forms of a subalgebra of eu(∞)
where M is an a-supermodule with a -hermitian form  and ∞ = {∞} ⊕  is a
-hermitian form on H ({∞}; ) ⊕M (here {∞} is a set containing one element,
denoted by ∞). The Lie superalgebra L = eu(∞) is toral 5-graded (recall De=nition
0.1), namely,
eu(∞) = eu(∞)−2 ⊕ eu(∞)−1 ⊕ eu(∞)0 ⊕ eu(∞)1 ⊕ eu(∞)2;
1 For those readers who are wondering about the choice of name for this type of module, one explanation
is that there are P andN and invertible things involved. The other one, to which the author will not object,
is that the description of this module is a “P : : : in the N : : :”.
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where
eu(∞)0 = {Eh∞ ;h−∞ | ∈ a} ⊕ eu();
eu(∞)1 = {Eh∞ ;m |m∈M};
eu(∞)−1 = {Em;h−∞ |m∈M};
eu(∞)2 = {Eh∞ ;h∞ | ∈ a−};
eu(∞)−2 = {Eh−∞ ;h−∞ | ∈ a−}
and Eh∞ ;h−∞ acts as a toral element.
Remark 2.7. Note that, in general,
[eu(∞)−1; eu(∞)1] + [eu(∞)−2; eu(∞)2]⊂=eu(∞)0:
For example, if we take a=K ·1⊕Kj with multiplication (a+bj)(c+dj)=(ac+bd)+
(ad+ bc)j for a; b; c; d∈K and with the involution - : a→ a : a+ bj → a− bj then the
symmetric elements of a are A = K · 1 and the skewsymmetric elements are B = Kj.
In particular, BB= A. Let = 1 and M any a-supermodule with the -hermitian form
 = 0. Then
[eu(∞)−1; eu(∞)1] + [eu(∞)−2; eu(∞)2]
=EBBh∞ ;h−∞ = EAh∞ ;h−∞ = Eah∞ ;h−∞ = eu(∞)0:
In what follows, we will consider the following subalgebra of eu(∞): We set
[eu(∞) := L−2 ⊕ L−1 ⊕ L0 ⊕ L1 ⊕ L2 where
L = eu(∞) (∈{±1;±2});
L0 = spanK{Em;n + E(m;n)h∞ ;h−∞ |m; n∈M}
+spanK{Eh∞ ;h−∞ | ; ∈ a−}:
Remark 2.8. It is easy to verify that L0 = [L−1; L1] + [L−2; L2] and that [eu(∞) is
5-graded but is not toral in general. However, if  represents 1, i.e., there exist
mi; ni ∈M such that
∑
i (mi; ni) = 1 then [eu(∞) is toral with the toral element
Eh∞ ;h−∞ ∈L0. Indeed,
Eh∞ ;h−∞ =
1
2
∑
i
(Emi;ni + E(mi;ni) h∞ ;h−∞
+(−1)|mi‖ni|(Eni ;mi + E(ni ;mi) h∞ ;h−∞)):
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Example 2.9. The following can be shown using [1]: Assume that K is a =eld of
characteristic zero. Let I = {∞} ·∪I ′ be a =nite set.
• Assume |I |¿ 3. A Lie algebra L over K is BCI -graded with the grading subalgebra
of type BI if and only if L is centrally isogenous to [eu(∞) where M=H (I ′; 1)⊕C
with a 1-hermitian form =I ′⊕C for some associative, unital K-algebra a with an
involution and an a-module C with a 1-hermitian form C containing a base point
(i.e., C = C′ ⊕ ac0 such that C(C′; c0) = (0) and C(c0; c0) = 1).
• Assume |I |¿ 4. A Lie algebra L over K is BCI -graded with the grading subalgebra
of type DI if and only if L is centrally isogenous to [eu(∞) where M=H (I ′; 1)⊕C
with a 1-hermitian form  = I ′ ⊕ C for some associative, unital K-algebra a with
an involution and an a-module C with a 1-hermitian form C .
• Assume |I |¿ 4. A Lie algebra L over K is BCI -graded with the grading subalgebra
of type CI if and only if L is centrally isogenous to [eu(∞) whereM=H (I ′;−1)⊕C
with a −1-hermitian form = I ′ ⊕ C for some associative, unital K-algebra a with
an involution and an a-module C with a −1-hermitian form C .
Here the root systems are given by
+BI = {±i ± j | i; j∈ I; i = j} ∪ {±i | i∈ I};
+CI = {±i ± j | i; j∈ I; i = j} ∪ {±2i | i∈ I};
+DI = {±i ± j | i; j∈ I; i = j};
+BCI = {±i ± j | i; j∈ I; i = j} ∪ {±i; ±2i | i∈ I}:
In addition, if L is a Lie superalgebra graded by (possibly in=nite) root systems of
type BI , CI or DI (|I |¿ 3; 4; 4, respectively), the above can be generalized by taking
K to be a unital associative supercommutative superring containing 16 and by replacing
“K-algebra a” with “K-superalgebra a” and “a-module M” with “a-supermodule M”
(see [9]).
3. Invariant forms of [eu(∞)
Throughout this section a will denote a unital associative superalgebra over K with
a superinvolution - and M will denote an a-supermodule with a -hermitian form 
for some ∈{±1}. We continue to assume that char K = 3 if a− = (0).
Let b= a⊕M be the a-superalgebra with multiplication
(+ m)( + n) =  + (m; n) + n+ m (; ∈ a; m; n∈M): (3.1)
We say that an even (K-valued) form (· | ·)b on b is supersymmetric and invariant if
(A |B) = (0) = (a |M);
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(x |y) = (−1)|x‖y|(y | x); (xy | z) = (x |yz); x; y; z ∈ b;
( D | D) = ( | ); ; ∈ a:
Let Inv(b;K) denote the set of supersymmetric invariant forms on b. We have the
following relations between Inv(b;K) and Inv(a;K):
Theorem 3.1. Let K be a unital associative supercommutative k-superalgebra. Let
a be a unital associative superalgebra over K with a superinvolution - and M an
a-supermodule with a -hermitian form  for some ∈{±1}. Let b= a⊕M be the
a-superalgebra de>ned by (3.1).
(1) The map ! : Inv(b;K) → Inv(a;K) : (· | ·) → (· | ·)|a×a is an isomorphism of
K D0-modules.
(2) The map
, : Inv(a;K)→ { ∈HomK (A; K) D0 |  ([a; a]A) = (0)} : (· | ·) →  
where  (a) = (1 | a) is an isomorphism of K D0-modules.
(3) A form (· | ·) on b is nondegenerate if and only if  = (, ◦ !)(· | ·) satis>es
{∈ a |  (()A) = 0; ∈ a}= (0) (3.2)
and
{m∈M |  ((m; n)A) = 0; n∈M}= (0): (3.3)
Remark 3.2. Note that for  = (, ◦ !)(· | ·) the fact that  ([a; a]A) = (0) implies that
 ((−)A) = 0 for all ; ∈ a and ∈{±1}.
Proof of Theorem 3.1. The only tricky part in the proof of (1) is that ! is surjective.
Given a form (· | ·)a ∈ Inv(a;K) we can de=ne a form (· | ·) on b by setting (+m | +
n)= ( | )a+(1 | (m; n))a for all ; ∈ a; m; n∈M. It is clearly supersymmetric and
( D | D) = ( | ) for all ; ∈ a. Moreover, using the invariance of (· | ·)a, for all ∈ a
and m;p∈M we have
(m |p) = (1 | (m; p)) = (−1)|‖m|(1 | (m;p)) = (−1)|‖m|( | (m;p))
= (−1)|m|(||+|p|)( | (p;m)) = (−1)|m|(||+|p|)(1 | (p;m))
= (m | p):
Using this, it is easy to show that (· | ·) is invariant. Clearly !((· | ·)) = (· | ·)a and so
! is surjective. The proof of (2) is straightforward and we leave it to the reader. To
show (3), let (· | ·)∈ Inv(b;K). Let ∈ a and m∈M. Then (+ m |  + n) = 0 for all
∈ a and n∈M if and only if ( | ) = (0) and (m | n) = 0 for all ∈ a and n∈M
hence if and only if  (()A)= (0) and  ((m; n)A)= (0) for all ∈ a and n∈M.
We set L= [eu(∞) where ∞ is the orthogonal sum of  and the -hermitian form
{∞} on H ({∞}; ). Recall that L is 5-graded and L0 = [L−1; L1] + [L−2; L2] but L is
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not necessarily toral. However, if there exist mi; ni ∈M such that
∑
(mi; ni) = 1 then
L is toral (for example, if M is a PiN module). In this case, we can apply Theorem
1.3 to describe the invariant forms of L. We will use the following result.
Lemma 3.3. Let M = P ⊕N be a PiN module such that rankN¿ 3 and let L =
[eu(∞). Then
E(a−a−)Bh∞ ;h−∞ ⊂ [L0; L0]: (3.4)
Proof. Since rankN¿ 3 we can =nd basis elements ni; nj of N such that (ni; nj) =
(ni; nj) = 0. Then, for ; ∈ a−,
 = (−1)|‖| D D= (−)2(−1)|‖|= (−1)|‖|
and, using this we have
Eh∞()B;h−∞ =
1
2[E(ni ;ni)−1ni ;ni + Eh∞;h−∞ ;E(nj ;nj)−1nj ;nj + Eh∞;h−∞ ]:
Hence the assertion holds.
Remark 3.4. Note that the BCr-graded Lie algebras over a =eld of characteristic 0
of type Br , Cr or Dr (r¿ 3; 4; 4, respectively) are centrally isogenous to a Lie
superalgebra [eu(∞). In these cases, the form  is a -hermitian form on a PiN
module M =N ⊕P with rankN¿ 3 and so L = [eu(∞) satis=es the conditions of
Lemma 3.3.
We will now describe the invariant forms of [eu(∞) satisfying the conditions of
Lemma 3.3.
Theorem 3.5. Let K be a unital associative supercommutative k-superalgebra. Let
a be a unital associative superalgebra over K with a superinvolution - and M an
a-supermodule with a -hermitian form  for some ∈{±1}. Let b= a⊕M be the
a-superalgebra de>ned by (3.1). Assume that M =N ⊕ P is a PiN module with
rankN¿ 3. Let L= [eu(∞). Then the map
- : Inv(L;K)→ Inv(b;K);
(· | ·) → (· | ·)b;
where, given (· | ·)∈ Inv(L;K), ( + m |  + n)b = (E(+(m;n))Ah∞ ;h−∞ |Eh∞ ;h−∞) for
all ; ∈ a; m; n∈M, is an isomorphism of K D0-modules. In particular, given a form
(· | ·)b ∈ Inv(b;K) we can de>ne a unique invariant form (· | ·) on L by setting (m; n∈M;
; ∈ a−)
(Em;n + E(m;n)h∞ ;h−∞ |Eh∞ ;h−∞) = (m | n); (3.5)
(Eh∞ ;h−∞ |Eh∞ ;h−∞) = ( | ) (3.6)
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and, for ; ; ∈{0;±1;±2};  +  = 0 and x ∈L,
(x0 | [x1; x−1] + [x2; x−2]) = ([[x0; x1]; x−1] + 12 [[x0; x2]; x−2] |Eh∞ ;h−∞);
(x | x−) = −1([x; x−] |Eh∞ ;h−∞) ( = 0);
(L |L) = (0): (3.7)
Moreover, if a form (· | ·)∈ Inv(L;K) is nondegenerate then the corresponding form
(· | ·)b = -(· | ·) is nondegenerate. Conversely, if (· | ·)b is nondegenerate then the
radical of Inv(L;K) is contained in the centre of L.
Proof. We will use in this proof the following equations (which are easy to verify):
For m; n∈M and ∈ a− we have
4Em;n = 2[Eh∞ ;m; [Eh∞ ;n;Ebh−∞ ;h−∞ ]]− [[Eh∞ ;m;Eh∞ ;n];Ebh−∞ ;h−∞ ]
− 4Eh∞(m;n);h−∞ ; (3.8)
=2[Em;h−∞ ; [En;h−∞ ;Ebh∞ ;h∞ ]]− [[Em;−h∞ ;En;−h∞ ];Ebh∞ ;h∞ ]
+ 4E(m;n)h∞ ;h−∞ : (3.9)
Let L be as in the statement of the theorem. Clearly L is toral and so it satis=es
the conditions of Theorem 1.3. Hence, given an invariant form (· | ·) on L, (· | ·) sat-
is=es (3.7) and there is a K-homomorphism ’(· | ·) :L0 → K of degree D0 satisfying
(1.5) and (1.6) such that ’(· | ·)(x0) = (x0 |Eh∞ ;h−∞) for all x0 ∈L0. Note that L0 is
spanned by the elements Em;n +E(m;n) h∞ ;h−∞ and Eh∞ ;h−∞ where (m; n)∈ (P;P)∪
{(p; ni) |p∈P; i∈ I} ∪ {(ni; nj) | ∈ a; i; j∈ I} and ; ∈ a−. Hence, given
’∈ (HomK (L0; K)) D0 satisfying (1.5) and (1.6) we obtain, for each such (m; n),
’
(
Em;n + E(m;n) h∞ ;h−∞
)
(1:5)
=
(2:2)
’(E(m;n)B(nk ;nk )−1nk ;nk + E(m;n)h∞ ;h−∞)
(1:6)
=
(3:9)
{
’(E((nk ;nk )−1nk ;nk )A(m;n)Bh∞ ;h−∞ + E(m;n) h∞ ;h−∞) : = 1
’(E((m;n)B(nk ;nk )−1nk ;nk )h∞ ;h−∞ + E(m;n) h∞ ;h−∞) : =−1
=’(E(m;n)Bh∞ ;h−∞ + E(m;n) h∞ ;h−∞)
=’(E(m;n)Ah∞ ;h−∞):
Using biadditivity of E :M×M→ EndKM : (m; n) → Em;n we have that
’(Em;n + E(m;n) h∞ ;h−∞) = ’(E(m;n)Ah∞ ;h−∞) (3.10)
for all m; n∈M. Moreover, by Proposition 3.3, we have, for all ; ∈ a−,
’(Eh∞ ;h−∞)
(3:4)
= ’(E()Ah∞ ;h−∞): (3.11)
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Since for m; n; p; r ∈M we have
[Em;n + E(m;n) h∞ ;h−∞ ;Ep;r + E(p;r) h∞ ;h−∞ ]
=Em(n;p); r + E(m(n;p); r) h∞ ;h−∞
− (−1)|m‖n|En(m;p); r + E(n(m;p); r) h∞ ;h−∞
+(−1)|p|(|m|+|n|)Ep;m(n; r) + E(p;m(n; r)) h∞ ;h−∞
− (−1)|p|(|m|+|n|)+|m‖n|Ep;m(n; r) + E(p;m(n; r)) h∞ ;h−∞
+ (Em;n(p;r) + E(m;n(p;r)) h∞ ;h−∞)
− (−1)(|p|+|r|)(|m|+|n|)(E(p;r)m;n + E((p;r)m;n) h∞ ;h−∞); (3.12)
we can use (3.10), (3.12), and the fact that ’([L0; L0] = (0) to obtain
0 =’([Em;n + E(m;n) h∞ ;h−∞ ;Ep;r + E(p;r) h∞ ;h−∞ ])
=’(E((m;n)(p;r))Ah∞ ;h−∞ − (−1)(|m|+|n|)(|p|+|r|)E((p;r)(m;n))Ah∞ ;h−∞):
Since for each ∈ a we can take i∈ I and write  = ((ni; ni)−1ni; ni), we have, in
particular,
’(E()Ah∞ ;h−∞) = (−1)|‖|’(E()Ah∞ ;h−∞) (; ∈ a): (3.13)
Let  :A → K by setting  (a) := ’(Eah∞ ;h−∞) for all a∈A. Then, clearly,  ∈
HomK (A; K) D0 and, by above,  ([a; a]A) = (0). Hence, using Theorem 3.1, (· | ·) gives
rise to a unique form (· | ·)b ∈ Inv(b;K) which satis=es (3.5) and (3.6).
Conversely, given a form (· | ·)b ∈ Inv(b;K), let  ∈HomK (A; K) D0 corresponding to
(· | ·)b in Theorem 3.1 and satisfying  ([a; a]A) = (0). De=ne ’∈HomK (L0; K) D0 by
setting
’(Em;n + E(m;n)h∞ ;h−∞) =  ((m; n)A) (m; n∈M);
’(Eh∞ ;h−∞) =  (()A) (; ∈ a−)
and extending it additively to L0. This map is clearly K-linear and it is well de=ned
since if x=
∑
(Emi;m′i + E(mi;m′i )h∞ ;h−∞) +
∑
Ejjh∞ ;h−∞ = 0 (mi; m
′
i ∈M; ; ∈ a−)
then
∑
(mi; m′i)+
∑
jj=0 (apply x to h∞) and so (
∑
(mi; m′i)+
∑
jj)A=0, i.e.,
’(x)=0. Using (3.12) and  ([a; a]A)= (0) one can easily show that ’([L0; L0])= (0),
i.e., ’ satis=es (1.5). By (3.8) we have that, for all x = Eh∞ ;m; y = Eh∞ ;n ∈L and
z = Eh−∞ ;h−∞ ∈L−2,
’(2[x; [y; z]]− [[x; y]; z]) (3:8)= 4’(Em;n + Eh∞(m;n);h−∞)
= 2’(Em;n + Eh∞(m;n);h−∞)
−2(−1)|m|(|n|+||)’(En;m + Eh∞(n;m);h−∞)
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= 2 (((m; n))A − 2(−1)||(|m|+|n|)((m; n))A)
= 2 ([(m; n); ]A) = 0:
Similarly, using (3.9), one can show that ’ also satis=es (1.6) and so, by Theorem
1.3, - is an isomorphism.
To prove the last two assertions recall that, by Theorem 1.3, a form (· | ·)∈ Inv(L;K)
is nondegenerate if and only if (· | ·)|L0×L0 is nondegenerate and ker(’(· | ·)◦adL) | L−=
(0); =; ±2. Recall that, by Theorem 3.1, (· | ·)b ∈ Inv(b;K) is nondegenerate if and
only if the corresponding  = (, ◦ !)(· | ·)b satis=es (3.2) and (3.3). So suppose
(· | ·)∈ Inv(L;K) is nondegenerate and let (· | ·)b=-((· | ·)). Let ∈ a so that  (()A)=
0 for all ∈ a. Let i∈ I . Then for all m∈M we can write m= n⊕ ni(ni; ni)−1 for
some ∈ a and so
’(· | ·)([Eni ;h∞ ;Eh−∞ ;m]) =’(· | ·)(Eni ;m + Eh∞(ni ;m);h−∞)
=  ((ni; m)A) =  (()A) = 0:
Therefore, Eni ;h∞ ∈ ker(’(· | ·) ◦ adL) | L− = (0) hence  = 0 (by applying h−∞ to
Eni ;h∞). Similarly, let m∈M such that  ((m; n)A) = 0 for all n∈M. Then
’(· | ·)([Em;h∞ ;Eh−∞ ;n]) = ’(· | ·)(Em;n + Eh∞(m;n);h−∞) =  ((m; n)A) = 0;
hence Em;h∞ ∈ ker(’(· | ·) ◦ adL) | L− = (0) and so m = 0. Conversely, assume that
(· | ·)b=-((· | ·)) is nondegenerate, i.e.,  =(,◦!)(· | ·)b satis=es (3.2) and (3.3). Let x=∑2
k=−2 xk ∈L; xk ∈Lk , be in the radical of (· | ·). Then x0 is in the radical of (· | ·)|L0×L0 .
Write x0 =
∑
k(Epk ;rk + Eh∞(pk ;rk );h−∞) +
∑
l Eh∞ll;h−∞ for some pk; rk ∈M and
l; l ∈ a−. Then for all m; n∈M we have
0 = (Em;n + Eh∞(m;n);h−∞ | x) = ’([Em;h∞ ; [Eh−∞ ;n; x]])
=  
(

(
m;
∑
k
((n; pk)rk + (−1)|pk‖rk |(n; rk)pk + n(pk; rk))
+ n
(∑
l
ll
))
A
)
:
hence
∑
k ((n; pk)rk + (−1)|pk‖rk |(n; rk)pk + n(pk; rk)) + n(
∑
l ll) = 0 for all
n∈M and so [Eh−∞ ;n; x]=0. Similarly, [En;h∞ ; x]=0 for all n∈M and so [x0; L±1]=
(0). We leave it to the reader to show that [x0; L±2] = (0) and so, using the Jacobi
identity, we have that x0 is in the centre of L. Now, using Lemma 1.2 we have that
0 = (x |y−) = (x |y−) for all y− ∈L−. Write x = Em;h∞ for some m∈M. Then
for all n∈M we have
0 = (Em;h∞ |Eh−∞ ;n) =  ((m; n)A)
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and so m=0, i.e., x=0. Similarly, x−=0. Finally, 0=(x |y−2)=(x2 |y−2) and so
if we write x2 = Eh∞ ;h∞ for some ∈ a− then, using (3.2), for all ∈ a we have
0 = (Eh∞ ;h∞ |E−h−∞ ;h−∞) =  ((−)A) =  (()A)
and so = 0, i.e., x2 = 0. Similarly, we can show that x−2 = 0 and so x = x0 which
is in the centre of L.
Remark 3.6. In [1], Allison et al. classi=ed Lie algebras over =elds K of characteristic
zero which are graded by the root system BCr and, in particular, the invariant forms
on them. As noted earlier, one can show, using [1], that every Lie algebra L over a
=eld of characteristic zero which is graded by the root system BCr with a grading
subalgebra of type Br ; Cr or Dr (r¿ 3; 4; 4, respectively) is centrally isogenous to
[eu(I ⊕ ) for a set I of cardinality r, some unital, associative algebra a=A⊕B with
involution and an a-module P with a -hermitian form . Allison et al. showed that the
invariant forms on L are isomorphic to the invariant forms on the coordinate algebra
b=a⊕P (for more details see [1]). In this paper we have shown that, since by Propo-
sition 1.1, Inv(L;K) ∼= Inv( [eu(I ⊕ )) and since [eu(I ⊕ ) satis=es the conditions of
Theorem 3.5,
Inv(L;K) ∼= Inv(b;K) ∼= {’∈Hom(A; K) D0 |’([a; a]A) = (0)}:
This description of the invariant forms shows that Inv(L;K) is independent of the
a-module P.
Remark 3.7. It is worthwhile to note that if a is a unital, associative superalgebra
over K with involution - = Id then a= A consists of supersymmetric elements and is
supercommutative. In this case, given an A-supermodule M with a 1-hermitian form
, we have that  is A-bilinear and eu() is the elementary orthosymplectic Lie su-
peralgebra (see [8]). It can be shown (see [9]) that a Lie algebra L over a unital,
associative, supercommutative ring K containing 16 is graded by the root system of
type DI (where I is an arbitrary, possibly in=nite, set with |I |¿ 4) if and only of
L is centrally isogenous to [eu(I ) where I is the bilinear form on H (I ; 1) for some
unital, associative, supercommutative K-superalgebra A. Similarly, using [9] it can be
shown that any Lie superalgebra L over a unital, associative, supercommutative ring K
containing 16 is graded by the root system of type BI (where I is an arbitrary, possibly
in=nite, set with |I |¿ 3) if and only if L is centrally isogenous to [eu(I ⊕ ) where
I is the bilinear form on H (I ; 1) and  is an A-bilinear form on an A-supermodule
M containing a base point (i.e., an element m0 ∈M such that (m0; m0)=1) for some
unital, associative, supercommutative K-superalgebra A. Hence it follows from Propo-
sition 1.1 and Theorem 3.5 that for Lie superalgebras of type BI and DI as above we
have
Inv(L;K) ∼= HomK (A; K) D0:
Remark 3.8. If Lc is the core of an extended Lie algebra over C graded by the root
system of type Bn with nullity , then it can be shown (see [2]) that Lc is centrally
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isogenous to [eu(I ⊕ ) where A=C[t±11 ; : : : ; t±1 ] is the Laurent polynomials over C in
 variables, I={1; 2; : : : ; n} and  is an A-bilinear form on a free A-module M=⊕Ami
of =nite rank satisfying
(mi; mj) = 'ijt0j ;
where 0i ∈Z such that 01 = 0 and 0i ≡ 0j mod 2Z for i = j. Hence, the invariant
forms on Lc are isomorphic to C-linear maps from C[t±11 ; : : : ; t±1 ] to C.
Acknowledgements
The author gratefully acknowledges the support of National Science and Engineering
Research Council Postgraduate Scholarships PGS A and PGS B and the support of the
Ontario Graduate Scholarship in Science and Technology.
This paper is a generalization of a part of the author’s Ph.D. dissertation [8] written
under the supervision of E. Neher at the University of Ottawa. The author wishes to
thank him for his guidance and suggestions for generalizations.
References
[1] B.N. Allison, G. Benkart, Y. Gao, Lie algebras graded by root systems BCr ; r¿ 2, Mem. Amer. Math.
Soc. 751 (2002).
[2] B.N. Allison, Y. Gao, The root system and the core of an extended a>ne Lie algebra, Selecta Math.
NS 7 (2) (2001) 149–212.
[3] G. Benkart, Derivations and invariant forms of Lie algebras graded by =nite root systems, Canad.
J. Math. 50 (2) (1998) 225–241.
[4] G. Benkart, A. Elduque, Lie superalgebras graded by the root system B(m; n), preprint 2001, posted on
the Jordan Theory Preprint Archive, http://mathematik.uibk.ac.at/jordan/.
[5] G. Benkart, A. Elduque, Lie superalgebras graded by the root systems C(n);
D(m; n); D(2; 1; a), F(4) and G(3), preprint 2001, posted on the Jordan Theory Preprint Archive,
http://mathematik.uibk.ac.at/jordan/.
[6] G. Benkart, O. Smirnov, Lie algebras graded by the root system BC1, August 23, 2001, preprint.
[7] S. Berman, I. Kryliouk, Universal central extensions of some Lie algebras, Queen’s Papers Pure Appl.
Math. 94 (1993) 19–23.
[8] A. Du,, Derivations, invariant forms and the second homology group of the elementary orthosymplectic
Lie superalgebra, Ph.D. Dissertation, University of Ottawa, 2002.
[9] E. Garcia, E. Neher, Tits–Kantor–Koecher superalgebras of Jordan superpairs covered by grids, July
2001, preprint.
[10] V.G. Kac, Lie Superalgebras, Adv. Math. 26 (1977) 8–96.
[11] V.G. Kac, In=nite Dimensional Lie Algebras, 3rd Edition, Cambridge University Press, Cambridge,
1990.
[12] Y.I. Manin, Gauge Field Theory and Complex Geometry, in: Grundlehren der Mathematisches
Wiesenschafen, Vol. 289, Springer, Berlin, 1988.
[13] M. Scheunert, The theory of Lie superalgebras, in: Lecture Notes in Mathematics, Vol. 716, Springer,
Berlin, 1979.
